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SCALED RELATORS AND DEHN FUNCTIONS FOR
NILPOTENT GROUPS
ROBERT YOUNG
Abstract. A homogeneous nilpotent Lie group has a scaling automorphism
determined by a grading of its Lie algebra. Many proofs of upper bounds for
the Dehn function of such a group depend on being able to fill curves with discs
compatible with this grading; the area of such discs changes predictably under
the scaling automorphism. In this paper, we present combinatorial methods
for finding such bounds. Using this method, we give new proofs of some results
on Dehn functions of nilpotent groups, prove theorems on central powers and
certain quotients of nilpotent groups, and construct the first example of a
torsion-free nilpotent group of class 3 with a quadratic Dehn function.
1. Introduction
Dehn functions sit at a juncture between geometric and combinatorial group
theory; a key theorem of Gromov, proved in [Bri02] and [BT02], connects the Dehn
function of a group with the Dehn function of the universal cover of a compact
space with that fundamental group. In the case of nilpotent groups, both combi-
natorial and geometric methods have proved productive in proving isoperimetric
inequalities, partially because nilpotent discrete groups and nilpotent Lie groups
are closely linked. In particular, Mal′cev’s Embedding Theorem states that torsion-
free nilpotent groups are cocompact lattices in nilpotent Lie groups, so the Dehn
function of a torsion-free nilpotent group is equivalent to the Dehn function of a
nilpotent Lie group.
In this paper, we will develop some methods for finding isoperimetric inequalities
for lattices in homogeneous Lie groups that combine the geometry of the Lie group
and the combinatorics of a presentation of the lattice. Briefly, one way to find
isoperimetric inequalities for nilpotent groups, developed by Gromov in [Gro93] and
[Gro96], is to fill curves with discs whose areas change predictably under the scaling
automorphism. We show that in the case of homogeneous Lie groups, it suffices to
do this for the relators in the presentation of a lattice. Much of the utility of this
technique comes from the fact that many nilpotent groups have presentations with
relators that can be easily filled by discs.
We will first summarize results about Dehn functions for nilpotent groups. In
general, one can bound the Dehn function of a nilpotent group in terms of its
nilpotency class: a finitely presented nilpotent group of class k satisfies an isoperi-
metric inequality δ(n) < nk+1. Gromov suggested a proof involving infinitesimally
invertible operators in [Gro93]; a combinatorial proof can be found in [GHR03].
This bound is not sharp; for instance, the higher-dimensional Heisenberg groups
are class 2 nilpotent groups with quadratic isoperimetric inequalities. This fact was
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claimed by Thurston[ECH+92] and proofs can be found in [All98, Gro96, OS99];
it also follows from our result on central powers in section 4. In section 4, we will
also present an example of a class 3 nilpotent group with a quadratic isoperimetric
inequality. It is still an open question how far the general bound can be from sharp.
The best lower bounds known for Dehn functions of nilpotent groups come from
using the centralized isoperimetric function, an analog of signed area which is easier
to compute than the isoperimetric function; see [BMS93] or [Pit97]. In many cases,
this bound combined with the general bound above gives a sharp estimate of the
Dehn function; one such case is for free nilpotent groups. Few other sources of lower
bounds for nilpotent groups are known and it is unknown whether this centralized
isoperimetric function gives sharp bounds for nilpotent groups in general. In the
case of finitely presented groups, the bounds it gives are not sharp; in [BMS93], there
is an example of a Baumslag-Solitar group for which the centralized isoperimetric
function is linear and the Dehn function is exponential.
In Section 2, we will define the Dehn function of a group and give some back-
ground on the geometry of nilpotent Lie groups. In Section 3, we will state and
prove our main theorem and give some corollaries, and in Section 4, we will apply
it to several examples, including central powers of nilpotent groups and a nilpotent
group of class 3 with quadratic Dehn function.
The author would like to thank Tim Riley for his helpful comments on a draft
of this paper and Mark Sapir for the conversation that inspired Corollary 5.
2. Preliminaries
We begin by defining the Dehn function of a group and of a manifold; for a
survey on Dehn functions, see [Bri02]. Let H = {a1, . . . , ad|r1, . . . , rs} be a group.
Any word w in the ai representing the identity can be reduced to the trivial word
by using the relators; that is, there is a decomposition
(1) w =
k∏
i=1
g−1i r
±1
bi
gi,
where the equality is taken in the free group generated by the ai. We define the
area δ(w) of w to be the smallest k for which such a decomposition exists.
Equivalently, take the universal cover of the presentation 2-complex. This cover
is a simply connected 2-complex whose 1-skeleton is the Cayley graph of H and
whose faces correspond to conjugates of relators. Words then correspond to closed
curves in the complex and decompositions as in (1) correspond to van Kampen
diagrams(roughly, mappings of discs into the 2-complex) for w. The area δ(w) of
w is then the minimal number of faces in such a van Kampen diagram.
We then define the Dehn function of H by setting
δ(n) = max δ(w),
where the maximum is taken over all words representing the identity with at most
n letters. This function depends on the presentation of H , but only by a linear
distortion of the domain and range. We define the partial ordering
f ≺ g iff ∃A,B,C,D,E s.t. f(n) ≤ Ag(Bn+ C) +Dn+ E for all n
and let f ≡ g iff f ≺ g and f ≻ g. Then if δ and δ′ are Dehn functions corresponding
to two finite presentations of the same group, δ ≡ δ′, so we can talk about the Dehn
function of a group up to this equivalence relation. The equivalence class of the
SCALED RELATORS AND DEHN FUNCTIONS FOR NILPOTENT GROUPS 3
Dehn function is in fact a quasi-isometry invariant. That is, if δ and δ′ are Dehn
functions of quasi-isometric groups, then δ ≡ δ′.
If M is a simply-connected Riemannian manifold, one can define a similar geo-
metric Dehn function. Given a Lipschitz closed curve γ in M , one can define its
area δ(γ) to be the infimum of the areas of all the Lipschitz discs bounded by γ
and thus define a Dehn function of M :
(2) δ(n) = sup δ(γ),
where the supremum is taken over all Lipschitz closed curves of length at most n.
The connection between these two definitions is given in a theorem stated by
Gromov and proved in [Bri02] and [BT02]:
Theorem 1. If M is a simply connected Riemannian manifold and H is a finitely
presented group acting properly discontinuously, cocompactly, and by isometries on
M , then δH ≡ δM .
Thus, to understand the Dehn function of a lattice in a nilpotent Lie group,
we will consider discs embedded in the Lie group. In particular, we will consider
lattices with presentations whose Cayley graphs embed naturally into the Lie group.
Using either proof of the theorem, one can easily show that taking the maximum
area over curves contained in the Cayley graph in definition (2) gives an equivalent
definition of the Dehn function.
We will give some preliminaries on the geometry of homogeneous nilpotent Lie
groups. Let G be a nilpotent Lie group and Γ its Lie algebra. Then if we let Γ1 = Γ
and Γi = [Γ,Γi−1], there is a filtration
Γ = Γ1 ⊃ · · · ⊃ Γk ⊃ Γk+1 = 0
corresponding to the lower central series, and [Γi,Γj ] ⊂ Γi+j . If Γk 6= 0, we call k
the nilpotency class of G.
If G is simply connected and there is a grading
Γ = V1 ⊕ · · · ⊕ Vk
such that [Vi, Vj ] ⊂ Vi+j , then we call G homogeneous. We define a scaling auto-
morphism st of Γ so that st acts on Vi by multiplication by t
i and extend it to an
automorphism of G.
We will use scaling automorphisms to approximate curves by simpler curves,
so it will be important to know how the area of a curve changes under scaling.
We put a left-invariant Riemannian metric on G and extend the Vi to left-invariant
subbundles of TG. Then st distorts vectors in TG according to where they lie in the
grading. If v ∈ V1⊕· · ·⊕Vi, then ||st∗(v)|| < ct
i||v|| for some c. Call a piecewise C2
map whose tangent vectors lie in V1⊕· · ·⊕Vi (V1⊕· · ·⊕Vi)-horizontal or horizontal
when the subspace is V1. Then if f : D
2 → G is (V1 ⊕ · · · ⊕ Vi)-horizontal, then
area(st ◦ f) < c
2t2i area f .
A left-invariant Riemannian metric is not always the best choice of metric for a
homogeneous nilpotent Lie group. In particular, this metric is distorted by scaling
automorphisms. To avoid this problem, we will often use a left-invariant subrie-
mannian or Carnot-Carathe´odory metric instead. To construct this metric, we first
call a curve horizontal if it is always tangent to V1; one can show that any two
points in the group can be connected by a horizontal curve. By choosing a metric
on V1, one can measure the length of horizontal curves, and we define the distance
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between two points to be the infimum of the lengths of horizontal curves connecting
them. Since the tangent vectors to the curves are all in V1, st changes the length
of the curve by a factor of t, so the scaling automorphisms act as homotheties on
the metric.
If H is a lattice in G which is generated by a1, . . . , ad such that ai = exp(vi) for
vi ∈ V1, we say thatH is compatible with the grading. Then if n is an integer, sn(H)
is generated by an1 , . . . , a
n
d and is a subgroup ofH . Similarly, if 〈a1, . . . , ad|r1, . . . , rs〉
is a presentation where ai = exp(vi) for vi ∈ V1, we call it a presentation compatible
with the grading.
Proposition 2. If G is a homogeneous nilpotent group with a grading
Γ = V1 ⊕ · · · ⊕ Vk
of its Lie algebra and H ⊂ G is a lattice, then G has a lattice H0 compatible with
the grading.
Proof. Define pi : Γ → Vi to be the projection onto the ith factor of the grading
and define H(1) = H , H(i) = [H,H(i−1)] to be the lower central series of H .
Consider the subgroup H0 of G generated by exp(p1(logH)). If this is a lattice,
it is compatible with the grading by definition. We begin by showing inductively
that pj(logH
(j)
0 ) ⊂ pj(logH
(j)). Since each of the pj(logH
(j)) is a lattice in Vj ,
this will show that H0 is discrete.
In the case j = 1, note that, by the Baker-Campbell-Hausdorff formula
exp(u) exp(v) = exp(u + v +
1
2
[u, v] + . . . )
p1(log(exp(u) exp(v))) = u+ v.
Thus p1(logH0) is a subgroup of V1 generated by the projections of the generators
of H , and thus in fact p1(logH0) = p1(logH). Moreover, since p1(logH) is a lattice
in V1, H0 has finite covolume.
If pj(logH
(j)
0 ) ⊂ pj(logH
(j)), we claim that pj+1(logH
(j+1)
0 ) ⊂ pj+1(logH
(j+1)).
As before, pj+1(logH
(j+1)
0 ) is a subgroup of Vj+1. By induction, if u ∈ H0,
v ∈ H
(j)
0 , there are u
′ ∈ H , v′ ∈ H(j) such that p1(log u) = p1(log u
′) and
pj(log v) = pj(log v
′). Therefore, again using the Baker-Campbell-Hausdorff for-
mula,
pj+1(log[u, v]) = pj+1([log u, log v]) = log[p1(log u), pj(log v)] = pj+1(log[u
′, v′]),
so pj+1(logH
(j+1)
0 ) ⊂ pj+1(logH
(j+1)). 
The techniques in this paper use a lattice in a Lie group together with a presenta-
tion of that lattice, so many theorems require nilpotent groups that are isomorphic
to a lattice in a homogeneous nilpotent Lie group compatible with the grading. If
H is a finitely-generated torsion-free nilpotent group of class 2, this is only a mild
restriction; we can show that H has a finite-index subgroup which is such a lattice.
Consider H/[H,H ] = T × Zd, where T is torsion. Then T [H,H ] is in the center of
H . Let H0 = (0× Z
d)[H,H ]. Then H0 is finite-index in H and [H0, H0] = [H,H ],
so H0/[H0, H0] = Z
d. By Mal′cev’s Embedding Theorem, H0 is a lattice in a con-
nected, 1-connected Lie group G of class 2 with Lie algebra Γ. Any complement of
[Γ,Γ] will give a grading of Γ, so since H0/[H0, H0] = Z
d, a choice of d elements
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of H0 that generate H0/[H0, H0] gives a complement of [Γ,Γ] and a grading of Γ
compatible with the lattice.
On the other hand, the criterion becomes trickier for groups of nilpotency class
> 2. Typically, there are many fewer possible choices of grading, and it becomes
difficult to tell whether a given presentation gives a lattice compatible with a grad-
ing.
3. Main Theorem
Gromov[Gro93, Gro96] used the fact that horizontal discs scale well to prove
isoperimetric inequalities. Roughly, if every (V1 ⊕ · · · ⊕ Vi)-horizontal closed curve
w of length ≤ 1 can be filled with a horizontal disc of area at most c, then every
horizontal closed curve w of length ≤ l can be filled with a disc of area ∼ l2i by
scaling w to a curve of length ≤ 1, filling it, then stretching it back again. In
practice, this criterion is difficult to use, but it suffices to be able to fill a subset of
all horizontal curves of low “complexity”. Then, by expressing the original curve as
a combination of “simple” curves at various scales, we can obtain an efficient filling.
For example, to find fillings for all polygonal curves, it suffices to find fillings for
triangles, then efficiently decompose the original polygon into triangles.
In [Gro96] and [Gro93], Gromov used the h-principle for infinitesimally invert-
ible operators to construct horizontal discs. We will take a combinatorial approach
to this technique, using the fact that a presentation of a group gives fillings of
closed curves in its Cayley graph. Then, if we can obtain an inequality of the
form δ(st(r)) . f(t) for all the relators r in a presentation, we get a similar bound
δ(st(w)) . f(t) for w any word of bounded length representing the identity. We
then use these short words as our “simple” curves and, by taking successive approx-
imations, express arbitrary words as combinations of short words at various scales.
As above, one way to get such a bound is by filling in relators with a horizontal disc;
we will prove Theorem 3 in the general case, ignoring the source of the bounds, and
then consider some ways of getting such bounds in the corollaries and examples.
Defining scaling maps on discrete groups and lattices in Lie groups will be crucial
to this approach. If v ∈ V1, then st(v) = tv and st(exp(v)) = exp(v)
t. Thus, if
H is a lattice compatible with a grading of G, it is generated by ai such that
ai = exp(vi), where vi ∈ V1. When t is an integer, st(ai) = a
t
i and st restricts to a
map from H to itself. This is not, however, the case in general; if H is a discrete
nilpotent group generated by a1, . . . , ad, there may not be a homomorphism taking
ai to a
t
i.
We can extend the map from H to G to a map from the Cayley graph of H into
G by mapping in edges as segments of one-parameter subgroups; then st maps the
Cayley graph into itself when t is an integer. Moreover, if one defines a Carnot-
Carathe´odory metric on G as in Section 2, st acts as a homothety on the metric,
allowing us to compare the metrics dst(H) to one another by comparing them to
dG. We will use this relationship in the proof of the following theorem.
Theorem 3. Let G be a homogeneous nilpotent Lie group of class k with scaling
automorphism st. Let
Γ = V1 ⊕ · · · ⊕ Vk
be the grading on its Lie algebra. Let H be a lattice in G, and let H ′ be a nilpotent
group with presentation {a1, . . . , ad|r1, . . . , rs} such that H is a finite quotient H
′/T
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of H ′ and the presentation H = H ′/T = {a1, . . . , ad|r1, . . . , rs, T } is compatible with
the grading, that is, the images of the ai lie in expV1.
If δH(s2i(ri)) ≤ f(2
i) for all i, then
δH(n) ≺
⌈log2 n⌉−1∑
i=0
f(2i)2⌈log2 n⌉−i.
In particular, if f(t) ≤ ctα, then if α < 2, δ(n) is subquadratic, so G has a linear
isoperimetric inequality[Bow95] and is thus R, and if α ≥ 2, then δ(n) . nα.
Proof. By abuse of notation, given a word in the ai, we will consider it as a word
in H or H ′ interchangeably.
The ri are assumed to scale efficiently, so given a word w representing the identity
in H , we would like to construct a disc filling in w that mostly uses the ri. If w
represents the identity in H ′ as well, we can reduce w to the identity using only
the ri. Then, using the assumption that scalings of the ri can be filled efficiently,
we find:
w =
δH′ (w)∏
i=1
g−1i r
±1
pi gi
st(w) =
δH′ (w)∏
i=1
st(g
−1
i )st(r
±1
pi )st(gi)
δH(st(w)) ≤
δH′ (w)∑
i=1
δH(st(r
±1
pi ))
≤ δH′(w)f(t).
Thus scalings of words representing the identity in H ′ can be filled efficiently in H .
Note that st(w) may not represent the identity in H
′, so δH′(st(w)) may not be
defined.
Our goal is to break an arbitrary word into pieces which are scalings of short
words representing the identity in H ′; by the above, these can be filled efficiently
in H . We will proceed by constructing approximations w0, . . . , wk of w and then
constructing annuli between wi and wi+1. Each wi will be a word in {a
2i
1 , . . . , a
2i
d }
representing the identity in H ′.
Let Ht = st(H) = 〈a
t
1, . . . , a
t
d〉 and H
′
t = 〈a
t
1, . . . , a
t
d〉. We note that H
′
t/T = Ht
and that this is a quasi-isometry; there’s a c0 independent of t such that if a, b ∈ H
′
t
project to the same element of Ht, then dH′t(a, b) < c0. Let ρt : H → Ht be such
that ρt(h) is a closest element(in the metric on G) of Ht to h. Let ρ
′
t : H → H
′
t be
such that ρ′t(h) is an element of the coset ρt(h).
Let
hi,j = ρ
′
2i
(
w
(⌊
jn
2k−i
⌋))
,
and let wi be a closed curve connecting the vertices
e = hi,0, hi,1, . . . , hi,2k−i = e.
by shortest paths in H ′2i . In particular, wk is just a point and the projection of w0
to H goes through all of the vertices of w. Note that w0 6= w, since w may not
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represent the identity in H ′, but w0 does. They both represent the identity in H ,
and by applying cn relators of H , we can reduce w0 to w.
We will need to go between the metrics on all of these groups and their scalings,
which will use the following inequalities:
c−11 dG(h1, h2) ≤ tdHt(h1, h2) ≤ c1dG(h1, h2)
dG(h, ρt(h)) ≤ c2t
which come from the fact that H is quasi-isometric to G and the scaling automor-
phism is a homothety of the Carnot-Carathe´odory metric on G, and
dHt(h1, h2) ≤ dH′t(h1, h2) ≤ dHt(h1, h2) + 2c0.
Note in particular that we can go between dH′t and dHt with no loss in the linear
constant and between sdHs and tdHt only changing the linear constant by c
2
1.
Since w(⌊jn/2k−i⌋) and w(⌊(j + 1)n/2k−i⌋) are separated in H by at most
n/2k−i + 1, there is a c3 such that
dH′
2i
(hi,j , hi,j+1) < c3
Thus wi is a path in H
′
2i made up of 2
k−i segments of length at most c3.
We will fill w by constructing annuli between wi and wi+1. First, we break this
area up into pentagons lying in the Cayley graph of s2i(H
′) with vertices
hi,2j , hi,2j+1, hi,2j+2, hi+1,j+1, hi+1,j
Since the pentagons lie in the Cayley graph of s2i(H
′), they can be filled efficiently
as above.
We bound the length of the perimeter of these pentagons in s2i(H
′). The seg-
ments lying in wi and wi+1 have total length at most 4c3. Since
hi,2j = ρ
′
2i
(
w
(⌊
2jn
2k−i
⌋))
and
hi+1,j = ρ
′
2i+1
(
w
(⌊
2jn
2k−i
⌋))
,
are ρ′2i and ρ
′
2i+1 of the same point, we find that there is c4 independent of i, j such
that the two remaining segments have length at most
dH′
2i
(hi,2j , hi+1,j) ≤ c4
Thus, each pentagon is a scaling of a short closed curve(of length at most 4c3 +
2c4) in H
′ and thus can be filled in H using at most δH′(4c3 + 2c4)f(2
i) relators.
Between wi and wi+1 there are 2
k−(i+1) pentagons, and wk is just a point. Using cn
more relators to reduce w to w0 gives a filling of w in H . Summing these numbers,
we get the required inequality:
δ(n) ≤ cn+
k−1∑
i=0
c62
k−(i+1)f(2i).

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Applications of this theorem rely on various ways of finding the bound
δ(s2i(ri)) ≤ f(2
i)
on the areas of scaled relators. One way is to note that commutators like [xn, yn]
are a product of n2 conjugates of [x, y]:
Corollary 4. With notation as in the previous theorem, if each ri is of the form
[xi, yi], where xi and yi are products of commuting generators, then G, H, and H
′
satisfy a quadratic isoperimetric inequality.
Proof. We need to show that δH(st(ri)) < Ct
2. If x is a product of commuting
generators, then st(x) = x
t as an element of H ′ and st(x) can be reduced to
xt by applying ct2 relators. Thus, st(ri) can be changed to [x
t, yt] by applying
4ct2 relators and [xt, yt] can be reduced to the identity by commuting x and y t2
times. 
Similarly, commutators of the form [xn1 , . . . , x
n
k ] are products of n
k conjugates of
[x1, . . . , xk], and a similar theorem applies to groups which can be presented with
relations of the form [x1, . . . , xk]. In particular, this gives a bound δ(n) . n
c+1 for
free nilpotent groups of class c.
Though the corollary applies in the case that H ′ is a nilpotent group of class > 2,
I have been unable to find an example of such a group for which the hypotheses
hold, though the class 3 group considered in Section 4 comes close. In the next
section, we will consider some examples of groups of class 2 to which the corollary
applies.
In the above corollary, the same bounds could have been obtained using differ-
entiable methods; if x and y are as in the theorem, it is easy to obtain a horizontal
disc filling [x, y] and thus a quadratic bound on the area of a scaling. The following
corollary gives an example of a bound where the combinatorial aspects are more
essential.
Corollary 5. Let G be a homogeneous nilpotent Lie group of class k with scaling
automorphism st. Let
Γ = V1 ⊕ · · · ⊕ Vk
be the grading on its Lie algebra. Let H be a lattice in G compatible with the grading.
Assume that H satisfies the isoperimetric inequality δH(n) ≺ n
α. If r1, . . . , rs ∈
H are such that log ri ∈ Vji , then the Dehn function δH/{r1,...,rs} is bounded by
δH/{r1,...,rs}(n) ≺


nα if α > j
nα logn if α = j
nj if α < j
,
where j = max{ji}.
Proof. We will apply Theorem 3 to Hˆ ′ = H/{r1, . . . , rs}. Let r ⊂ Γ be the Lie ideal
generated by the log ri. Since r is a graded ideal, Γ/r determines a homogeneous
simply connected Lie group. We have a map from H/{r1, . . . , rs} → Γ/r; we claim
that the kernel of this map is the set of torsion elements of Hˆ ′ and the image
is a lattice in Γ/r. Clearly, the kernel contains the torsion elements; moreover
{r1, . . . , rs} generate a lattice in r and thus generate a subgroup of finite index
in H ∪ r. Therefore, the kernel is finite, and so all of its elements are torsion.
Similarly, since {r1, . . . , rs} generate a lattice in r, the image is a lattice in Γ/r.
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Call this image Hˆ . Hˆ and Hˆ ′ satisfy the hypotheses of Theorem 3; we need to find
a bound on the area of scaled relators. Given a presentation for H , we can get a
presentation for Hˆ ′ by appending the ri. It thus suffices to find bounds on the area
of scalings of words representing the ri.
Consider an element r ∈ H with log r ∈ Vj . Let w be a word in H representing
r. We want to bound δHˆ(s2n(w)). But since log r ∈ Vj , st(r) = r
tj as elements of
H so s2n(w)s2n−1(w)
−2j represents the identity in H . We can thus reduce s2n(w)
to 2j copies of s2n−1(w) by applying
δH
(
2nl(w) + 2j · 2n−1l(w)
)
= δH
(
2n(1 + 2j−1)l(w)
)
relators.
Repeating this process n times, we can reduce s2n(w) to 2
nj copies of w by using
n∑
i=0
2(n−i)jδH
(
2i(1 + 2j−1)l(w)
)
< 2njc0
n∑
i=0
2−ij2iα
<


c12
nα if α > j
c1n2
nα if α = j
c12
nj if α < j
relators, where the ci are constants independent of n. This final word takes another
2nj relators to reduce, giving the required bound. 
This gives a proof of a nc+1 bound for homogeneous nilpotent Lie groups with
rational structure constants; such a group is a quotient of a free nilpotent group by
a graded ideal r. By the remark after Corollary 4, the free nilpotent group satisfies
the isoperimetric inequality δ(n) . nc+1. Corollary 5 applies with ri generating r;
we can choose such generators so that the corollary gives an isoperimetric inequality
δ(n) . nc+1. This result was first proved by Pittet for all homogeneous nilpotent
Lie groups in [Pit95].
4. Applications and Examples
The hypotheses for Corollary 4 are very restrictive and may exclude many nilpo-
tent groups with quadratic Dehn functions. Nonetheless, many interesting nilpotent
groups can be given such a presentation, and one source of such examples is central
powers. Many methods are available for working with central powers of nilpo-
tent groups; Mark Sapir informs me that he and Ol’shanskii used the methods of
[OS99] to prove some of the following results. Given G a nilpotent group of class
k, define G×G(k)n to be Gn with the copies of G(k) identified. Then, for example,
the (2n + 1) dimensional Heisenberg group is the nth central power of H3, the
3-dimensional Heisenberg group. When n ≥ 2, these groups have been shown to
have a quadratic isoperimetric inequality; Corollary 4 gives an alternate proof of
this fact as follows:
H3 can be given the presentation
H3 = {a1, a2, c|[a1, a2] = a3, [c, ai] = 1}.
H5 can be given the presentation
H5 = {a1, a2, b1, b2, c|[a1, a2] = [b1, b2] = c, [ai, bi] = [ai, c] = [bi, c] = 1}.
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However, many of these relators are redundant; the relations [ai, c] = 1 follow from
the fact that [ai, c] = [ai, [b1, b2]] = 1, and we can eliminate c to get the presentation
H5 = {a1, a2, b1, b2|[a1, a2][b1, b2]
−1 = 1, [ai, bi] = 1}.
Furthermore, since the ai and bi commute, we can interleave [a1, a2] and [b1, b2]
−1 =
[b2, b1] to get:
[a1, a2][b1, b2]
−1 = a1a2a
−1
1 a
−1
2 b2b1b
−1
2 b
−1
1
= a1b2a2b1b
−1
2 a
−1
1 b
−1
1 a
−1
2
= [a1b2, a2b1],
so
H5 = {a1, a2, b1, b2|[a1b2, a2b1] = 1, [ai, bi] = 1}.
We can then apply Corollary 4 to show that H5 has a quadratic isoperimetric
inequality.
This technique can be generalized to:
Corollary 6. Let H be a nilpotent group of class 2 with a presentation of the form
H = {a1, . . . , ap|r1, . . . , rs, [ai, [aj, ak]] = 1}.
Let Z = [H,H ] and assume that the ri are of the form
∏li
j=1[xj , yj ] = 1, where
the xj and yj are products of commuting ai. Let n ≥ max{2, li} Then the central
product of n copies of H(with the ith copy generated by ai1, . . . , aip):
H×Zn ={a11, . . . , anp|
ri1, . . . , ris for 1 ≤ i ≤ n(3)
[aij , [aik, ail]] = 1 for all i, j, k, l(4)
[aij , akl] = 1 for i 6= k(5)
[aik, ail] = [ajk, ajl] for all i, j, k, l}(6)
satisfies a quadratic isoperimetric inequality.
Proof. Note that the presentation given is indeed the central product as defined
before. The relators in (3) and (4) are n copies of the presentation of H , the
relators in (5) imply that the group is a quotient of the direct product of those n
copies, and the relators in (6) identify the copies of Z.
Moreover, H/[H,H ] = Zp and the projections of the ai generate H/[H,H ].
Thus, by the discussion in Section 2, if T is the subgroup of torsion elements of H ,
H/T is a lattice in a homogeneous Lie group compatible with the grading.
We want to express H×Zn in the form used by Corollary 4; to do that, we need
to modify the relators in (3) and (6) and eliminate those in (4).
The relators in (4) follow from the relations in (5) and (6). By the relations in
(6),
[aik, [ail, aim]] = [aik, [ajl, ajm]],
which is the identity, since the relations in (5) imply that aik commutes with any
word in the aj,·.
Using the relators in (5) as for the Heisenberg group, we can change the relators
in (6) into commutators:
[aik, ail][ajk, ajl]
−1 = [aikajl, ailajk]
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A similar process makes the relators in (3) into commutators. Let rij be the
relator
∏lj
k=1[xij , yij ] = 1, where xij and yij are the words xj and yj written in
the ai,·. By using the relations in (4), we can express [xij , yij ] as a product of
commutators of the ai,·. The relations in (6) let us replace these commutators
with commutators of the ai′,· for any i
′, so we can replace [xij , yij ] with [xi′,j , yi′,j].
Replace
∏lj
k=1[xij , yij ] with
∏lj
k=1[xkj , ykj ]. All the commutators are now written in
different sets of generators, so as before, we can interleave them to obtain a relation
 lj∏
k=1
xkj ,
lj∏
k=1
ykj

 = 1
which is of the form required for Corollary 4. 
Presentations of this form are common. If H is a finitely generated nilpotent
group of class 2 such that H/[H,H ] = Zd, then it has a presentation of the form
required by Corollary 6, and any torsion-free nilpotent group has a finite index
subgroup with H/[H,H ] = Zd. Thus any finitely generated nilpotent group of
class 2 has a central power with a quadratic Dehn function.
The power required depends on the group, but many nilpotent groups only re-
quire a low power. If r is a relator of the form
∏l
j=1[xj , yj] = 1, where the xj and
yj are products of commuting ai, we will call l the complexity of r. Then if H has a
presentation with relations [ai, [aj , ak]] and relations of complexity at most n, then
the max{n, 2}th central power of H has quadratic Dehn function. Many groups
have presentations using simple relators. One example is free nilpotent groups; if
G is the free nilpotent group of class 2 with d generators, then it has a presentation
G = {a1, . . . , ad|[ai, [aj, ak]] = 1}
and G×Z G has quadratic Dehn function.
Certain generalizations of the Heisenberg group can be presented using only
relations of length 2. If k is the complex numbers, quaternions, or octonions,
considered as a real vector space, we can define a nilpotent Lie algebra Γ of class
2 where Γ/[Γ,Γ] = k and [Γ,Γ] is the subspace of imaginary elements of k by
letting [v, w] = Im(vw¯) ∈ [Γ,Γ]. The corresponding Lie groups have lattices whose
elements correspond to elements of k with integer coefficients. These groups show
up as cusp subgroups in groups acting on negatively curved symmetric spaces. In
the case that k = C, this is the three-dimensional Heisenberg group and its central
powers are the higher-dimensional Heisenberg groups.
These groups can be presented with relations of length 2; in the case of the
quaternions, for instance, a typical relator looks like:
[i, j] = [1, k],
where 1, i, j and k represent generators of G corresponding to unit quaternions.
Thus, central powers of these groups have lattices with quadratic Dehn functions
and thus the corresponding Lie groups have quadratic Dehn functions as well.
In general, we have the following bound:
Corollary 7. If G is a nilpotent Lie group of class 2 with a basis with ratio-
nal structure constants, then G×Zn has a quadratic isoperimetric inequality when
n ≥ max{2, dim[G,G]}. In particular, if H is a finitely-generated nilpotent group of
class 2, then H×Zn has a quadratic isoperimetric inequality when n ≥ max{2, rk[H,H ]}.
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Proof. If G is such a group, it contains lattices which are compatible with some
grading. We need to show that some lattice has, up to finite index, a presentation
with relators of complexity n. Let a1, . . . , ad be part of a basis of G that has
rational structure constants and generates G/[G,G]. Then [G,G] = R(
d
2)/R for
some R ⊂ R(
d
2), where R(
d
2) has a basis consisting of elements [ai, aj ]. We can find
a basis of R consisting of vectors which are each in the span of at most n basis
vectors and have integer coordinates in the basis. These correspond to relators of
complexity at most n in the presentation of a group H with a finite-index quotient
H/T which is a lattice in G. 
Smaller central powers still have strong isoperimetric inequalities:
Corollary 8. If H is a nilpotent group of class 2, and Z = [H,H ], then H×Zp
satisfies the isoperimetric inequality δ(l) . l2 log l.
Proof. Up to finite index, H/[H,H ] = Zd. Then H is a quotient of the free
nilpotent group N = Fd/F
(3)
d of class 2 on d generators by some relators con-
tained in [N,N ]. Similarly, H×Zp is a quotient of N×[N,N ]p by relators contained
in [N×[N,N ]p, N×[N,N ]p]. We can thus apply Corollary 5.
By the remark after Corollary 6, [N×[N,N ]p, N×[N,N ]p] satisfies a quadratic isoperi-
metric inequality, so H×Zp satisfies the isoperimetric inequality δ(l) . l2 log l. 
It is an interesting question whether these groups necessarily have quadratic
Dehn functions. All of the nilpotent groups for which we know quadratic isoperi-
metric inequalities have such inequalities because curves can be filled by horizontal
discs[Gro96, All98]; in Section 5 we will give an example of a group where Corollary
8 gives an n2 lnn upper bound, but there are curves which cannot be filled by such
discs.
Finally, Theorem 3 allows us to give an example of a nilpotent Lie group of class
3 and rank 8 satisfying a quadratic isoperimetric inequality. This group has Lie
algebra Γ with the grading:
Γ = 〈a, b, c, d, e〉 ⊕ 〈f, g〉 ⊕ 〈h〉.
and bracket given by
[a, b] = [c, d] = f
[b, c] = [d, e] = g
[b, f ] = [g, d] = h
with all other brackets 0.
This is generic among homogeneous nilpotent Lie algebras with a grading having
these dimensions. A class 2 nilpotent Lie algebra Φ can be described by the skew-
symmetric bilinear form [·, ·] : Φ/[Φ,Φ]→ [Φ,Φ]; a generic pair of skew-symmetric
forms on R5 give a Lie algebra isomorphic to Γ/Γ(3)(see [Tho91] or [LR05] for the
classification of pairs of skew-symmetric forms). By calculating cohomology, one
can show that Γ/Γ(3) has a unique central extension to a homogeneous class 3
nilpotent Lie algebra.
The proof that G has a quadratic Dehn function involves a lengthy combinato-
rial group theory calculation, given in Appendix A, but we sketch the proof here:
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exp(a), exp(b), exp(c), exp(d), exp(e) generate a lattice H . By abuse of notation, we
will consider a, b, c, d, e to be elements in this lattice. The relations
[a, c], [a, d], [a, e], [b, d], [b, e], [c, e], [ac−1e, bd], [ace, bd−1]
hold in H . Since they are of the form required by Theorem 3, they can be filled
by horizontal discs. These relations do not present H , but we show that any
word representing the identity in H can be filled by a horizontal disc composed of
scalings and distortions of those discs. Thus, given a presentation, we can fill its
relators with horizontal discs and Theorem 3 will give us the required quadratic
isoperimetric inequality.
5. Conclusion
Most of the isoperimetric inequalities proved here rely on filling curves with
horizontal discs. In fact, all isoperimetric inequalities for lattices in nilpotent groups
arise from fillings by almost-horizontal discs:
Theorem 9. Let G be a homogeneous nilpotent Lie group of class k with scaling
automorphism st. Let
Γ = V1 ⊕ · · · ⊕ Vk
be the grading on its Lie algebra. Let H ⊂ G be a lattice in G compatible with the
grading.
Fix a metric on PΓ the projective tangent space of G and call a piecewise C2
map whose tangent vectors are non-zero in the interior of a piece and ǫ-close to V1
ǫ-horizontal.
If δ(l) is the Dehn function of H and γ is a word in H, there are ci such that
for t sufficiently large, γ can be filled with a c0/t-horizontal disc of area at most
c1δ(c2t)/t
2.
Proof. If V1 is 1-dimensional, V = R and there is nothing to prove. Otherwise,
ǫ-horizontality is an open Diff-invariant differential relation for all ǫ > 0 and thus a
microflexible differential relation. In particular, by the arguments in [Gro96], any
horizontal curve can be filled by an ǫ-horizontal disc.
For ǫ sufficiently small, we can choose c0 such that if f is an ǫ-horizontal disc,
then for all t, s1/t ◦ f is c0/t-horizontal.
Fill each relator of H with an ǫ-horizontal disc and let c1 be the maximum area
of such a disc. Then when t is an integer, st(γ) is a word that can be filled by an
ǫ-horizontal disc of area at most c1δ(l(γ)t). Applying s1/t to this disc gives us a
c0/t-horizontal filling of γ with area at most c
′
1δ(l(γ)t)/t
2. 
It is thus interesting to consider groups where some curves cannot be filled by
horizontal discs, as this failure may lead to a lower bound for the Dehn function.
One source of such examples comes from taking quotients of groups as in Corollary
5; it’s possible to take quotients by relators that satisfy the conditions of the theorem
but which cannot be filled by horizontal discs.
One such example, due to Mark Sapir, can be constructed as follows. Let Φ be
the free nilpotent Lie algebra of class 2 with Φ/[Φ,Φ] ∼= R10 and take Z = [Φ,Φ].
Given a Lie algebra, we can consider it as a simply connected Lie group with
multiplication given by the Baker-Campbell-Hausdorff formula. Then Φ×Z Φ has
a quadratic Dehn function. Take the quotient
Φ×Z Φ/[a1, a2][a3, a4] . . . [a9, a10],
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where the ai are generators of Φ/[Φ,Φ]. By Corollary 5, this satisfies the isoperi-
metric inequality δ(l) . l2 log l. Let Ψ be its Lie algebra. Then Φ and Ψ have
gradings Φ = V1 ⊕ V2 and Ψ = W1 ⊕W2, with V1 ∼= W1 = 〈a1, . . . , a10〉. Any
V1-horizontal disc in Φ projects to a disc in V1, and if v, w span the tangent plane
at a point, then the fact that the disc is C2 implies that [v, w] = 0. Conversely, any
disc whose tangent spaces satisfy this condition can be lifted to a horizontal disc
in Φ, unique up to translation by an element of V2. However, if v, w ∈ V1, then
[v, w]Φ = 0 iff [v, w]Ψ = 0, so the set of such projections of horizontal discs is the
same for Φ and Ψ. Thus, since [a1, a2] . . . [a9, a10] doesn’t represent the identity in
Φ×Z Φ, there is no horizontal disc in Φ×Z Φ filling it, and thus no horizontal disc
in Φ×Z Φ/[a1, a2][a3, a4] . . . [a9, a10] filling it.
Another example is the nilpotent group based on the octonions described in Sec-
tion 4; on the one hand, the centralized isoperimetric function is quadratic(Pittet’s
original calculation in [Pit97] had a sign error, corrected in [LP04]), so the best
known lower bound for the isoperimetric function is quadratic, but there are no
horizontal discs. As above, the generators of any tangent plane to a horizontal disc
must commute, but [v, w] = Im(vw¯), which is 0 if and only if v and w are multiples
of one another or 0.
A lack of horizontal discs, however, does not imply a lack of almost-horizontal
discs or a lower bound for the isoperimetric inequality. The h-principle for open
differential relations implies that almost-horizontal discs always exist and does not
give the lower bound on their size required by Theorem 9. Finding a quantitative
version of this h-principle which gives such bounds would be a powerful tool for
dealing with the Dehn functions of nilpotent groups.
Appendix A. A nilpotent group of class 3 with quadratic
isoperimetric inequality
In this appendix, we prove that the class 3 nilpotent group described in Section
4 satisfies a quadratic isoperimetric inequality.
We recall the definition:
Consider the Lie algebra Γ with the grading:
Γ = 〈a, b, c, d, e〉 ⊕ 〈f, g〉 ⊕ 〈h〉.
and bracket given by
[a, b] = [c, d] = f
[b, c] = [d, e] = g
[b, f ] = [g, d] = h
with all other brackets 0.
We consider the simply-connected Lie group G with Lie algebra Γ. Then since
a, b, c, d, e, f , g, h is a basis with rational structure constants, exp(a), exp(b),
exp(c), exp(d), exp(e) generate a lattice H in G; by an abuse of notation, we will
consider a, b, c, d, e to be generators of G.
In Γ, we have the identities:
[a, c] = [a, d] = [a, e] = [b, d] = [b, e] = [c, e] = [a+c+e, b−d] = [a−c+e, b+d] = 0.
Thus in G, the words
[a, c], [a, d], [a, e], [b, d], [b, e], [c, e], [ace, bd−1], [ac−1e, bd]
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can be filled with horizontal discs. Using these words as relators and inserting and
deleting them from words corresponds to gluing together horizontal discs. Thus we
aim to show that any word in the alphabet a, b, c, d, e that represents the identity
in G can be reduced to the identity by using these words and others like them.
These others will come from automorphisms of Γ. We first note that Γ has many
automorphisms; given real numbers ta, tb, tc, td, te 6= 0 such that
tatb = tctd
tbtc = tdte.
then
a 7→ taa b 7→ tbb
c 7→ tcc d 7→ tdd
e 7→ tee f 7→ tctdf
g 7→ tbtcg h 7→ tbtctdh
is an automorphism of Γ. In particular, any nonzero choice of three of the coeffi-
cients gives an automorphism. Similarly,
a 7→ e b 7→ d
c 7→ c d 7→ b
e 7→ a f 7→ −g
g 7→ −f h 7→ h
is an automorphism. Both of these preserve V1 = 〈a, b, c, d, e〉, so the images of
horizontal discs remain horizontal.
We will essentially be doing a combinatorial group theory calculation, showing
that
G = {a, b, c, d, e|[a, c], [a, d], [a, e], [b, d], [b, e], [c, e], [ace, bd−1], [ac−1e, bd], . . . },
where the dots represent all images of the relators under these automorphisms. Any
word that can be reduced to the identity using these relators corresponds to a curve
in Γ that can be filled with a horizontal disc. Note, however, that in general, the
image of a word under an automorphism is a curve in the Lie group rather than
another word. We will ignore this, referring to, for example, a word in a and b
rather than a curve whose tangent vectors lie in the a and b directions.
In the following calculations, we will denote the inverses of a, b, c, d, e by A,
B, C, D, E. In addition, [x, y] will denote xyx−1y−1 and 0 will denote the trivial
word. By abuse of notation, w = w′ will denote that there is a horizontal annulus
between w and w′, i.e., that w can be reduced to w′ using our relators or that
ww′
−1
can be reduced to the identity using the relators. Words may be written in
a fixed-pitch font for ease of reading; this has no mathematical significance.
It is convenient to state a version of the Jacobi identity:
[x, [y, z]] = g−11 [y
−1, [z−1, x−1]]g1g
−1
2 [[x, y
−1], z−1]g2
In particular, if two of the commutators vanish, so does the third, and modulo H(4),
this is just
[x, [y, z]] = [y, [x, z]][z, [y, x]].
Lemma 10. [c, [b, a]] can be filled with a horizontal disc.
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Proof. We start with:
0 = [Bd, ace]cc[aCe, BD]CC= BdacebDACEccaCeBDAcEbdCC.
Moving pairs of a’s and b’s together cancels them:
BdacebDBDAcEbdCC
BdaceDDAcEbdCC
BdceDDcEbdCC
Conjugating by b, we can collect the occurrences of b into a commutator:
dceDDcEdbCCB
dceDDcEdCC[cc, b]
Thus we can express [cc, b] as a word in c, d, and e. c, d, and e commute with
a, so [a, [cc, b]] can be filled with a horizontal disc. Applying an automorphism to
[a, [cc, b]] gives [a, [c, b]]. In fact, by applying automorphisms, these are zero when
a, b, and c are replaced by powers of themselves. Since [a, [c, b]] and [b, [c, a]] can
be reduced to 0, we can reduce [c, [b, a]] as well. 
Similarly, by applying various automorphisms, we can show that [ene , [dnd , cnc ]]
and any of its permutations can be filled by such a disc for any choice of n’s.
Now consider
0 = [bd, AcE][ace, bD] = bdAcEBDaCeacebDACEBd.
Several letters cancel to produce
dAcEBDaeaebDACEd
We conjugate and collect a’s and b’s to get
BaabAAEDeeDCEddc
[B, aa]EDeeDECddc
In particular, as in the lemma, [a, [a, b]] ∼ 0. Moreover, applying an automorphism,
we find that [ana , bnb ] can be expressed as a word in c, d, and e, so it commutes
with any power of a.
Applying an automorphism to this that takes each generator to its inverse, we
get:
[b, AA]edEEdecDDC
and combining these, we get
cDDC[b, AA]edEEdeEDeeDECddc[B,aa]
cDDC[b, AA]Cddc[B, aa]
c and d both commute with [b, a], by the Lemma and because d commutes with a
and b, so we find that
cDDC[b, AA]Cddc[B, aa]
[dd, cc][b, AA][B, aa]
Since [a, [a, b]] = 0, this can be reduced to
[dd, cc][b, AA][AA, B] = 0
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or
[dd, cc]b[AA, BB]B = 0
or, applying an automorphism taking a→ A and b→ B,
[dd, cc]B[aa, bb]b = 0.
Thus [dd, cc] can be reduced to a word in a and b, and by applying automor-
phisms, [dnd , cnc ] can be reduced to a word in a and b. So [dnd , [dn
′
d , cnc ]] ∼ 0, since
d commutes with a and b, and similarly for [bnb , [bn
′
b , cnc ]]. Our goal is to show that
all 4-element commutators can reduced to the identity. So far, we’ve shown that:
[a, [a, b]] = [c, [a, b]] = [d, [a, b]] = [e, [a, b]] = 0
[a, [b, c]] = [b, [b, c]] = [e, [b, c]] = 0
[a, [c, d]] = [d, [c, d]] = [e, [c, d]] = 0
[a, [d, e]] = [b, [d, e]] = [c, [d, e]] = [e, [d, e]] = 0.
In fact, we have shown that all of these relations hold when a, b, c, d, e are replaced
by powers of themselves.
The remaining 3-element commutators are [c, [c, d], [c, [b, c]], [b, [a, b]], [d, [d, e]],
[b, [c, d]], and [d, [b, c]].
• [c, [c, d]] and [c, [b, c]]:
It suffices to show that [cc, [cc, dd]] = 0.
[cc, [cc, dd]] = [cc, B[aa, bb]b]
[cc, [cc, dd]] = B[bccB, [aa, bb]]b
[cc, [cc, dd]] = B[[b, cc]cc, [aa, bb]]b
Since c commutes with [a, b] this can be reduced to
[cc, [cc, dd]] = B[[b, cc], [aa, bb]]b
but [b, c] commutes with a and b, so
[cc, [cc, dd]] = 0
Similarly, [c, [b, c]] = 0.
• [b, [a, b]] and [d, [d, e]]:
These can be reduced to conjugates of [b, [c, d]] and [d, [b, c]]:
[bb, [cc, dd]] = [bb, B[aa, bb]b]
[bb, [cc, dd]] = B[bb, [aa, bb]]b
[bb, [cc, dd]] = B[bb, [aa, bb]]b(7)
and similarly, [dd, [bb, cc]] = D[dd, [dd, ee]]d.
• [b, [c, d]] and [d, [b, c]]:
We want to show that these are central; this will show that all 4-element
commutators can be filled with horizontal discs and lead to our conclu-
sion. From above, we have that [dd, [bb, cc]] = D[dd, [dd, ee]]d, so [d, [b, c]]
commutes with a and b.
So consider:
[dd, [bb, cc]]= ddbbccBBCCDDccbbCCBB
[dd, [bb, cc]]= bbcc[[CC, dd], BB]CCBB
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Since b commutes with [d, [b, c]],
[dd, [bb, cc]] = cc[[CC, dd], BB]CC
Using (7), we find that
[dd, [bb, cc]]= ccb[[aa, BB], BB]BCC
[dd, [bb, cc]]= bcc[CC, B][[aa, BB], BB][B, CC]CCB
[c, b] commutes with a and b, so
B[dd, [bb, cc]]b= cc[[aa, BB], BB]CC
[dd, [bb, cc]]= cc[[aa, BB], BB]CC
c commutes with [a, b], so
[dd, [bb, cc]]= [[aa, BB], ccBBCC]
[dd, [bb, cc]]= [[aa, BB], BB[cc, BB]]
Again, [c, b] commutes with a and b, so
[dd, [bb, cc]] = [[aa, BB], BB]
Thus [d, [b, c]] can be reduced to a word in a and b and thus commutes
with d and e. It remains to show that it commutes with c. But
c[[aa, BB], BB]C= [[aa, BB], cBBC]
c[[aa, BB], BB]C= [[aa, BB], BB[c, BB]]
and [c, b] commutes with [a, b]. Thus [d, [b, c]] is central, as is [b, [c, d]]
and thus all 4-element commutators can be filled with a horizontal disc.
Finally, by the Jacobi identity,
[d, [b, c]] = g−11 [b, [c, d]]
−1g1g
−1
2 [c, [b, d]]g2 = [b, [c, d]]
−1,
so there is only one non-trivial 3-element commutator. Thus, any word representing
the identity in H can be filled with a horizontal disc. In particular, given a pre-
sentation of H with generators a, b, c, d, e, the relators can be filled with horizontal
discs; this gives a quadratic bound on the area of scalings of the relators and thus,
by Theorem 3, a quadratic isoperimetric inequality.
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